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EXTENSION OF BOLTZhf ANN’S THEORY TO A LIQUID

Du~nc C. ~VALLACE

L-m AlruIIns Natior]al Lalmratmy, Los AIMIIOS, New Xlcxico S7W5, L’S.A

A thcmry for tile lmncquilihrium Blntisticml nlecllnnics of n Ii[lllid is }wm-rltr{l, This !Ilm,r! ct,[isists O( COIII)I(, II

e~wlut ion ●quations for the orm-ptiiclc m~~mcllt urn distribution, Uli{l for tll(, two Imrticlc rorr(,lhtit)rl fllllclit)[],

arid it powwwen the .wuuc importm]t properties M d(ws D(dtzn]arul’s !Immy, II HIIN1! !lIf kwrd c(]llsml,,:i(,f]

lnws, the local h thenrcm, a~d Llm corrrct equilibrium nulllti(m

1 INTRODUCTION

For a g~q, the cncr~v rhnsity is n .qtntistical avcr-

nge of the Kinetic energy of (he pnr!irlcn. TIIC prcssurv

tcmwr and the cncrgv current arc also COMIKMYI I-II.

tirely of kinrtic crrlltnbutions, The importnnt ntnLis[i-

ctd functicnl, from which d rlcllsilirn and currf’llts cnl I

be calculated, in tl,e onc-pnrf]rlr momcllturn distril~l]-

tion. In 1872, Boltznlnnlll ct)[),+tmrtrd m) cqlmtit)[l

deacr-ibing tllc irrrwvsil~le cvnllltion or tlw rnolllclitlllll

diotnhution fur a llol]c(luibl)ri~lll! gtw III tlii~ r{lllu

lion, irle,’crbibility nrim frcrln t)c .3dlisif,11 intcgrul,

which is a atatiutical rcl)rcwl.tRti(][l of tw~~pn, Liclc C(II

limin[l~

Fnr n liquid, the dcn~itirn nr)d cllrrr[)ts rl>[ltllill, ill

additioil tokil]rtic c(nltril)u(i~)lls, I][)trlltinl cf)lltrll]ll

lionn nn wclll (Ilm to tllr I}olrll(inl of il]trrnrtif)ll 1)11.

lwcvn liquid l~mlirlrs TIN= rtntinticnl fullrti(jll wl]i{ll

in nm dc(~ II, unlrulntc llww I]{)ir[,tinl c[]lllril~llti~n)q,

in tllr- tw(.-pn, t irlr r{lrwlntitnl (Illlcti{]ll. The Dolt,

Inwll) rqimti[nl +Mw n(lt n: CIIII IIt L)r in!rrl)m’ ilk ..IIr

rclnti(uln. Mllc:l re~nrull ;Im IN-WI tlrvotvfl to ttw (,x

trn.~i{ul (If I.hdlzlllnlIIl”B ll]m)r} to drnw ppHIY hlltl :{1

liqlli(ln, WC [It)tr IIIP .wwk n~ E!lnkt,g, ullirll i~ (Ii,

ctmrd I}y HirrchfrI[h-r, (~tlrtim, m~(l tllrtl,~ tll(’ IIml,i!y

rxlwlmifjl] of lll~g~dilll]tn’;s tlw Wijrk IIf (’[jimll,’ 6 (If

Enlnt, llnilm, w]tl L)(wfr11ml,7 nn~l [~f lh’nil~t,ifl ,,INI

2

fll,

l,illly ,Ic:)rnity (1111, lIIIIltII,lIt II!II CIi.lril)iltlt,tl) i.

j(l)(r, p,/), N,)lr r ml{) I) rf,l)rflw,llt Vr, (lol. All 11,(,

~l~lliticnl<l flrll~itim nllfl cllrrl’llt~ III tlw Em? nl~ piIf I’ll

I)y 111,s lli~tril~llll(,ll f’l), ‘ml,]Inrlltl(’ (l,ll~ity ,,(7, / 1,

nll(l tl]r Illlitl JIr’11](’ity r(r,l), nrt. KIVI.11 lIy

.I
p(l!t) /~ ’’(t, p,f)Jp (1)

(2)



The tmergy per particlr, in the local crnter-of-rmw

frame, is r[’l(r, t), where

I

~ - nlr(r,f)ial~l)(r,p,t)d~l.(3)
p(r, t)c(’)(r, t) =

7n—

The pleasure tenrwr P(’) (r, t ), and the enrrgy rurrcnt

J( l)(r, ‘), are given by well-knnwn fomml~q whirl! we

will rtot exhibit lwrr.

The Bolt zms.rtn equatiwl is M evdut ion equnt iml

for tbc ttatisticd function ~( ‘)(r, p, t). ThI, imwrsible

rs9pCCt of this evolution is contnincd in thr collisitm in-

t.e=d Cl r,p, t), which wr will construct in a sliglll ]Y

unorthodox way. At a givsm r, t in the pyw, there nrr

twmptuti(:le collinicms in whirl) the particlr mnmrnln

p, p’ go to j, F. For a givrn phanr-npnro VOIUIIWrlc-

ment dj I+’, the trnmriticm rate is ~(p, p’/p, j’ )djdj’,

x(p, p’/j, j’) in invnrinnt mdrr theintcrdmngr of p,$

with j,j’, rmd X(JJ, p’/J;,~’) mmtninn two ~-funrtiw]s

M fartoro: A(p + p’ - j – F), representing cormrrvnl i(lll

of momentum, and A(pa + p’2 -- p2 - P’x ), reprrsmll -

ing cmtncnwtion of enrrgyl Dccnunc of thr cnlhnimls,

pnrt icle phir- am cntrring hnd Irnving the pair dis.

tribution j(l](r, p, t)j(’ ‘(r, p’, t), A thr Iwt rntv of

clmmgr rsf thin pnir dint ribut ifm im

f~(r, p,p’, f) =
//1

J(l)(r, ~,t)j(l}(r, j’, t)

-/( ’)(r, p,t)J(l)(r,l;,l)
1

x ~ (p, p’/j-i, j’ )fljd~;’ .

hi! rgrntiot] of thin ~Nrr dp’ givtw tlm rulli~i!,nnl rntv l~f

dmngr of p(r, f) J[l’(r, p, t). 11111thr rldli~i{lllnl rntt’ of

rlmngr t~f p(r, f) i~ 7,rr{), RI)the rt~rrml~~,l~~lillg rnlr (If

dlIUl~F CIf/( ’)(r, Jl, f; iMth~ CfdllRhlU illl~grd (’(r, Jl, f),

givrll lIy

p(r,l)(”(r, p,t) -
/

ft(r, P, p’, f )Jp’, (4)

TIIP trnrlnitilm rntr \ in nilllldy wlntr~l III thr rldlirnillli

rr~mn nrdiml n.

The Doltznmnn rquntifm is

(a )Err j(’)(r. p,t)= C’(r, p,t),
Fi+m

(:)

where the Lcrrn ill V, is t}l(, drift tcrrIl(strrsul]illg

term), The Ddtzmann Cqllhtk)ll possesses the fidbnv.

ing thr~ irnportnnt proprrtim.

(a) For a grnertsl mntcrinl, t}lc them-y of rolI-

tinuurn mechanics expresses, in lord form, I hr wrll

known lnw~ of colwr,rvritif,li of Jnruw, of Iilwnr mlmIOII-

tum, 1A of rnrr~,. For n RM. whrre tbr cfrmit its rmIl

currents art given by thr otle-parti<lr contrihuti[ms.

the Br.rltzmrum cquntirm yirld~ the tt,rrr lord conwr-

vatinl, InWE,

(b) For n functi,m h(r, t), which is thr h-qunntity

pcr particl~ al locn(. inn r smd time t, 14c kwnl h thwl-

rem iu

L9p(r, f)h(r, f)—
or + \=, [p(r, t)r(t, t)h(r, f)

(G)

+f(r,f)] = S(r, f),

WhPiS?](r t) iN tb h rurrrht, ad S(r, f ) in tlmwjllrrr

function. 2(r, f ) is n Linlmmw fum-tionnl, w thnt

X(r, t) ~ O, with S( r t) = O only nt rquili},rillm,

TO ol)ttin nn h throrrln fron, Lhjltzmnnn”s rtlllnl i~,ll,

it in nrrwtmry t{I ndd somr illf{mlmtiim, Immrly tlIO

drflnitinn of h(r, f). II llr.;n)wul’~ drfhli~i~m, nltcrr[i ttI

in, h]fb n fnrlt}r of I’]mlrk’h rtml,tn!lt II,, in h“’(r, t);

p(r, t)h’’)(r, l, - If’’’(r,p,l) h h~j’’’(r,p,lblp,
)

(7)

,.. !
whrlr IIW Rfg!l:ll(’ll! {If Ill{’ hlg 1?4llllllt’i\~l!llllC’HH, \\illl

thr dditlit i(n) ( 7), l)IIlt tllmllll’~ miiml ilm yif+ls 1111’

Im-nl h [hmwmu ([i I,

(c) The colltliti(,ll !;(r, f) - 0 yirl,lx n rn(llllli(nl

ftlr thr rquililwium III(IIIIImlUIII di~t rilluti~m j:’ ‘,Jl~

Tnkillg intl~ nrr(mnt tlIr ktllwll rlplililmilllll VIIIIW+ t~f

fl,v, rud /, nml rlituilmtillu ( ill fnt(,r {,f tlw ihvrl w



temperature ~, ~~’ ‘(p) is uniquely determined to be

the Boltzmarin distribution:

Jj’)(p) = N3/2nM)3’2CV [-B(P - mu)2/Qm]. (S)

3. EXTENSION TO A LIQUID

We now cormidcr a liquid of like pnrtichw, intcrnrt -

ing thrmsgh thr central potclitinl #(1.~1), where s io tlw

wctor separation between two pa,rticlcn. Thr prolmhil-

ity density for a particle at r - }.s with momrntum P,

and ~imu]taneous]y a particle at r + }S with momrn-

tum p’, is j(a) (r - ~s,p,r + ~s,p’, t). Ftom this, wr

defmc thet-particle crrrrelation function ~fz):

f(a)(r -*s, p,r +~s,p’,f)

= j(l)(r-*s, p,t)J(l)(r +*s, p’, f)

x ~(2)(r -*s, p,r .+*i~, p’, f).

To coustruct a nimple evolution theory including tww

particle correlation effcctn, wc will int todurc two n:)-

proxinmtionn, which n.rc rhncumd in cfctnil in rt longrr

paper,l~ Wc Mnunle thnt ~(’) ~d 7(2) vw @ OIIIY

a mmll rclntivc mnrnmt when they are trannlntrd

through n rlintnner of order or less thml thr w-rrln-

timl lcngt h, ml we also nrglrrt mmnrnt um rmrrrln-

ti(ms, i.rl nrglrct thr momtwtum drpcnchcr of T’J].

An n rcmlt of thmr npprrsximationn, thr throryCM hr

hnrd on thrtwr)-plutirlr prolmlji]it y drnsil y

j:a)(r, s,p,p’,t) = Jfl)(r, ~~,f)j(l)(r, JJ, f)gf2)(r,.~, ~),

(0)

togrthrr with grsulirnln .Jf /[’) nmd g“)} Ilorr $2) i~

tlw Ill[llllt’lltlllll -nvrrngt”(l c(mrrlntion funrti~nl:

pa(r, f)gf ’)[r, s,t) =
/J

/[ ’)(r, p, f)/f ’)(r, p’, t)

x ?{a)(r -*s, p,r +~s,p’,tklpdp’l (lo)

Thr flmrtitm q{a)(r, s, f ) - I h hwrd, i.r, it vnrIINhrR

whrw s ih grtmtm thtullIw mwrrlnli(m lrwgtll, Nl(l in

mmllnlizwl ntmmling tt~

J
p(r, t) [g(’) (r, s,t)- l]ds= -l+o(r, t)i (11)

where o(r, t) rcpmscms dmwity Iluctllatinm, n(r, f ) is

Poaitite, and a(r, t) <1 for a liquid. In mauy csws of

liquid thamy, it ic not unrewmsddr toset n = OFMn

hst approximation. The t.wo-particlr rcmtril,lltions to

the energy and prcmure, c(Z)(r, ~) ~ld ~(z)(r,t) rc~lwr-

tivcly, nre given hy

r(2;(r, t) =
I

~Nr!~) til.~l)g(’)(r,,~, r)d.~,

P)(r, t) = -~pz(r, t)
J

d’(lsl) ;g(’)(rqs, t)d,q.

where #(lsl) = do (Isl)fdlsl. From our n~)]]r[)xi:llntiolls,

it follows J(2)(r, t) = 0,

Let U9 nrxt consiidrr the irrcvrmih’. rsqwd of thr

●volution of a noncquililmiunl lirpurl. This can hc

dcscrihed in trrms of eflcctitn two. prw! iclc intrrnc-

tionn, in which two pnrtirlrs intrrnct n~t SJIan imlntrd

pair, hut M n pair immcrwd ill a rwn cf lmckgmuml

intcrarlionsl In Ourh nn rflrcliw two I ~rtich, inlrr.

actifm, s, p,pf grm to i, j, jI’, sud for n ~:iwvl phnsw

opnrc volumr rlrmrnt djnljtdi, thr tr un,ititjll rsitr i~

~(.Q, p,~~’/.i, j, f)dj~ljld,i,i. ~ in local ir I, ,i, nllfl t]lr (II.

prrsdcnr~ of k nn r, t i~ nupprr~~d fo n !Jm,vint if,!),

Drwnum of mimonropic rrwcrsillility, ! [ S, p,p’/.;, ~, Ii’ )

is invnrimlt undrr thr intrrs’hnngr of I J , ]‘ with

i,p, ji’, Alrw \(s, p,p’/,i, fi, ji”) ronttin, two A.fullrti,,llx

M factorn: A(I) + p’ - j - F), rrprrnrw I l,Ig ronmrvnt itnl

of msmmntum, nml ~(d – G), rrprrnm t itlg c(jllncrvnt i(u)

of thr %nrrgy of nwnn f(mw,”’ wlwrr

J

w(r, s,p, p’, t) = &
~ ~’: , ,,,,2,,,, ,,,,

Zfrl ‘“ ‘
(14)

tv(a’(r, s, t) in thrhd pfltrnlinl of nl(m) ftm.r ill 11)4,

n~]llrllllilil~tilltll Iiqllid.’ “12 Thr imp)rl nld p~li~d i~

Ihnt, ill mjrromopir rmr~v rtmiu,rvntitm Withitl thr

rfTrrtivr inlrrnrlifmn, it i,’ 111}1thr hnrr ll~ttrllt inl d( Isl )



which enters, but the potential of mean force

wfz)(r, s,t).

Because of the interactions, particles are entering

and leaving the ph-space volume around s, p, p’,

and the net rate cf change o! ]!l)(r, ~, p, p’, f ) iS

Fa)(r, s,p, p’, t)

=

/’.[
P(rl~lFti’70 - f!’) (r)~, pip’, f)1
xx($,~,p’/i~,@’)djiclj’di.

(15)

The corresponding rate of change of J( 1)( r, p, t ) in

F(’)(r, p,t) =
1/

F(2)(r, s,p, p’, t)dlid,q, (16)

and the corresponding rate of char-r;e of the qunntity

f-a(r, t)g(z)(r, a,t) is

Gqr,d,t) =
I.i

N(r,s,p,p’, t)dpdp’ , (17)

Finally, while theenergy of mean force is connervrd

microscopically, within each effrctive two particlr in-

teraction, the total ener~ must be ,-onaervcd macro-

mcpicd]y, Mld thin gives an integral condition ml k,

which can be put in the fnrm” ’11

H4(1s1)- w(a)(r, a,t)]G(a)(r, s,t)ds = (). (18)
.

The errtwmimr of Lloltzmaml’m theory to a liqlti~l i~

accoiupliuhed by crmntructing twu coupicd evolution

equatiorm, om for /f])(r, p, f) and one for gfx)(r, s, t).

Them ●quati(mn nrc:

(8 pV,+ L.(r, t),
.

~+;’ )V, /( ’)(r)p, () = F’)(r, p)f)
..

(19)

hi ( i9), L(r, t) in t!m menu form oil n pNt Irlr Rt r, f,

diw k) i!lt.vrnctiom with thr ~~lrrolullling IIquid pnr!i

clrs, null in givrn hy

p(r, f)l(r. t) = –~r P(a)(r, f), (21)

In (20), the temn in V, i~ duc to the drift togcthrr of

particle pairs, md the term in V, is duc to thv drifl

apart of particle pairs.

The coupled equntkms ( 19) arid (20) posses:, thv

name important prnpcrtim M rh>cs thrDcdtznwum

equation, as notml in (a)-(c) below.

(a) W’hen the energy, prerm,trr, and enrr~ currrl,t

~ gwcn by the SUM Of one- and two-pluticlc r.(nllri.

but ions, then the local cqumt ions for conscrvnt ion of

particles, of liner momcntu.m, and of energy follow di-

redy from (19) and (20).

(h) To prove ~] h theorem, we .wt

h(r, t) = hf’)(r$t) + h(a)(r, t),

where h(’)(r, t) is the Boltzmnnn fom~ (7), awl

h(2)(r, t) in the nonrquilihriuv] extension of our liquid

corrcdntinntd entropy,’ ‘“4

(2:1)

w]lrrr lr~~)( Isl) in Ill, mlllilil,rilllll rvnllml i(m t,f tl,o ;,(J

~rl}!inl nf mrnn fiwrv Tlm N th?i r(lrrrrt rllllililmilllll

exprrminn for tlw rlwrrlnti(m fulwli~m gj,l)( >-).

Am n fhud rmtc, it Ims lmrw Rllf,wn thnt, fnr n mwr

quilihrium nitunti~m, our ntlltistirnl rvl)lllti{ul tlmwy

reprorfurrn prrrimly thr irrrvrrnitdr tlil’rlll(l[lyllnltli(’~

of n vinrtw hmtt cou[llwlillg Ilqllill.’l
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